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ON AN INEQUALITY CONCERNING THE POLAR
DERIVATIVE OF A POLYNOMIAL WITH RESTRICTED
ZEROS
N. A. RATHER AND SUHAIL GULZAR
Abstract. Let DαP (z) = nP (z) + (α − z)P
′(z) denote the polar de-
rivative of a polynomial P (z) of degree n with respect to a point α ∈ C.
In this paper, we present a correct proof, independent of Laguerre’s the-
orem, of an inequality concerning the polar derivative of a polynomial
with restricted zeros recently formulated by K. K. Dewan, Naresh Singh,
Abdullah Mir, [Extensions of some polynomial inequalities to the polar
derivative, J. Math. Anal. Appl., 352 (2009) 807-815].
1. Introduction
If P (z) is a polynomial of degree n having all its zeros in |z| ≤ 1, it was
shown by Tura´n [9] that
max
|z|=1
∣∣P ′(z)∣∣ ≥ n
2
max
|z|=1
|P (z)| . (1.1)
The inequality (1.1) becomes equality for P (z) = (z + 1)n.
As an extension of (1.1), Malik [6] proved that if all the zeros of polyno-
mial P (z) of degree n lie in |z| ≤ k, k ≤ 1, then
max
|z|=1
∣∣P ′(z)∣∣ ≥ n
1 + k
max
|z|=1
|P (z)| . (1.2)
By considering the class of polynomials P (z) = anz
n +
∑n
j=µ an−jz
n−j,
1 ≤ µ ≤ n, of degree n having all their zeros in |z| ≤ k, k ≤ 1, Aziz and
Shah [1] proved
max
|z|=1
∣∣P ′(z)∣∣ ≥ n
1 + kµ
{
max
|z|=1
|P (z)| +
1
kn−µ
min
|z|=k
|P (z)|
}
. (1.3)
Let DαP (z) denote the polar derivative of a polynomial P (z) of degree n
with respect to a point α ∈ C, then (see [7])
DαP (z) = nP (z) + (α− z)P
′(z).
The polynomial DαP (z) is of degree at most n − 1 and it generalizes the
ordinary derivative in the sense that
lim
α→∞
DαP (z)
α
= P ′(z)
uniformly with respect to z for |z| ≤ R, R > 0.
Dewan et al. [4] (see also [8]) extended inequality (1.3) to polar derivative
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and proved that if P (z) = anz
n+
∑n
j=µ an−jz
n−j , 1 ≤ µ ≤ n, is a polynomial
of degree n having all its zeros in |z| ≤ k, k ≤ 1, then for every real and
complex number α with |α| ≥ kµ,
max
|z|=1
|DαP (z)| ≥
n (|α| − kµ)
1 + kµ
max
|z|=1
|P (z)|+
n (|α|+ 1)
kn−µ (1 + kµ)
min
|z|=k
|P (z)|. (1.4)
While seeking the desired refinement of inequality (1.4), recently Dewan
et al. [3] have made an incomplete attempt by claiming to have proved the
following result.
Theorem 1.1. If P (z) = anz
n+
∑n
j=µ an−jz
n−j , 1 ≤ µ ≤ n, is a polynomial
of degree n having all its zeros in |z| ≤ k, k ≤ 1, then for every real or
complex number α with |α| ≥ kµ,
max
|z|=1
|DαP (z)| ≥
n (|α| − kµ)
1 + kµ
max
|z|=1
|P (z)|+
n (|α|+ 1)
kn−µ (1 + kµ)
m
+ n
(
kµ −Aµ
1 + kµ
)
max
|z|=1
|P (z)|+
n(Aµ − k
µ)
kn(1 + kµ)
m (1.5)
where m = min
|z|=k
|P (z)| and
Aµ =
n
(
|an| −
m
kn
)
k2µ + µ|an−µ|k
µ−1
n
(
|an| −
m
kn
)
kµ−1 + µ|an−µ|
. (1.6)
The proof of Theorem 1.1 given by Dewan et al. [3] is not correct. The
reason being that the authors in [3], deduce by using Lemma 7[3] between
the lines 8 to 10, on page 814, that if F (z) = P (z) −mλzn/kn has all its
zeros in |z| < k, k ≤ 1, then for every α ∈ C with |α| ≥ kµ, 1 ≤ µ ≤ n all
the zeros of the polar derivative DαF (z) also lie in |z| < k which need not
be true in general for 1 ≤ µ ≤ n. Here, Lemma 7 [3] is applicable only when
µ = 1. For 1 < µ ≤ n the assertion is not true, since for k < 1, kµ < k.
The immediate counterexample P (z) = 4z2−1, µ = 2 having all its zeros
in |z| < k = 3/5 < 1 demonstrates, by taking α = 2/5 > kµ that the zero of
DαP (z) =
16z
5
− 2 lie in |z| > k = 3/5.
The main aim of this paper is to present a correct proof, independent of
Laguerre’s theorem, of Theorem 1.1.
2. Lemmas
For the proof of above theorem, we need the following lemmas.
Lemma 2.1. If P (z) = anz
n +
∑n
j=µ an−jz
n−j , 1 ≤ µ ≤ n, is a polynomial
of degree n having all its zeros in |z| ≤ k, k ≤ 1 and Q(z) = znP (1/z), then
for |z| = 1
|Q′(z)| ≤ Sµ|P
′(z)|
(
≤ kµ|P ′(z)|
)
(2.1)
where
Sµ =
n|an|k
2µ + µ|an−µ|k
µ−1
n|an|kµ−1 + µ|an−µ|
(2.2)
and
µ
n
∣∣∣∣an−µan
∣∣∣∣ ≤ kµ.
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The above lemma is due to Aziz and Rather [2].
Lemma 2.2. Let P (z) = anz
n+
∑n
j=µ an−jz
n−j , 1 ≤ µ ≤ n, be a polynomial
of degree n having all its zeros in |z| ≤ k, k ≤ 1, then for every real or
complex number α with |α| ≥ Sµ,
|DαP (z)| ≥ n
(
|α| − Sµ
1 + kµ
)
|P (z)| for |z| = 1. (2.3)
Proof. If Q(z) = znP (1/z), then P (z) = znQ(1/z) and it can be easily
verified that for |z| = 1
|Q′(z)| = |nP (z)− zP ′(z)|
≥ |nP (z)| − |zP ′(z)|.
Equivalently, we have
|Q′(z)| + |P ′(z)| ≥ n|P (z)| for |z| = 1. (2.4)
This implies with the help of Lemma 2.1 and inequality (2.4), that
(1 + kµ) |P ′(z)| = |P ′(z)| + kµ|P ′(z)|
≥ |P ′(z)| + |Q′(z)|
≥ n|P (z)|,
which implies ∣∣P ′(z)∣∣ ≥ n
1 + kµ
|P (z)| for |z| = 1. (2.5)
Now, for every real or complex number α with |α| ≥ Sµ,
|DαP (z)| = |nP (z) + (α− z)P
′(z)|
≥ |α||P ′(z)| − |nP (z)− zP ′(z)|
= |α||P ′(z)| − |Q′(z)| for |z| = 1. (2.6)
Combing inequalities (2.5), (2.6) and Lemma 2.1, we get for |z| = 1,
|DαP (z)| ≥ (|α| − Sµ) |P
′(z)|
≥n
(
|α| − Sµ
1 + kµ
)
|P (z)|
This proves Lemma 2.2. 
Lemma 2.3. If P (z) =
∑n
j=1 ajz
j is a polynomial of degree n having all its
zeros in |z| ≤ k, k ≤ 1 and m = min|z|=k|P (z)|, then
max
|z|=1
|P (z)| ≥
m
kn
(2.7)
and in particular,
|an| >
m
kn
. (2.8)
Proof. Since the polynomial P (z) has all its zeros in |z| ≤ k, k ≤ 1, the
polynomial Q(z) = znP (1/z) has no zero in |z| < 1/k, 1/k ≥ 1. We assume
that Q(z) has no zero on |z| = 1/k, for otherwise the result holds trivially.
Since Q(z) has no zeros in |z| ≤ 1/k, by Minimum Modulus Principle
|Q(z)| ≥ min
|z|=1/k
|Q(z)| for |z| ≤ 1/k where 1/k ≥ 1,
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which in particular gives,
|Q(z)| ≥
1
kn
min
|z|=k
|P (z)| for |z| ≤ 1 and |an| = |Q(0)| >
1
kn
min
|z|=k
|P (z)|.
That is,
max
|z|=1
|P (z)| = max
|z|=1
|Q(z)| ≥
m
kn
and |an| >
m
kn
.
This completes the proof of Lemma 2.3.. 
Lemma 2.4. The function
Sµ(x) =
nxk2µ + µ|an−µ|k
µ−1
nxkµ−1 + µ|an−µ|
. (2.9)
where k ≤ 1 and µ ≥ 1, is a non-increasing function of x.
Proof. The proof follows by considering the first derivative test for Sµ(x).

Lemma 2.5. If P (z) = anz
n+
∑n
ν=µ an−νz
n−ν , 1 ≤ µ ≤ n, is a polynomial
of degree n, having all its zeros in |z| ≤ k, k ≤ 1, then for every α ∈ C with
|α| ≥ kµ,
|DαP (z)| ≥
|α|mn
kn
for |z| = 1 (2.10)
where m = min|z|=k |P (z)|.
Proof. By hypothesis all the zeros of polynomial P (z) = anz
n+
∑n
ν=µ aν−µz
ν−µ,
1 ≤ µ ≤ n, lie in |z| ≤ k, k ≤ 1. If P (z) has a zero on |z| = k then m = 0
and the result holds trivially. Hence, we suppose that all the zeros of P (z)
lie in |z| < k, k ≤ 1, so that m > 0 and m ≤ |P (z)| for |z| = k, mow if λ is
any complex number such that |λ| < 1, then∣∣∣∣mλz
n
kn
∣∣∣∣ < |P (z)| for |z| = k.
Since all the zeros of P (z) lie in |z| < k, it follows by Rouche’s theorem that
all the zeros of
F (z) = P (z) −
mλzn
kn
also lie in |z| < k, k ≤ 1. Applying Lemma 2.1 to the polynomial F (z), we
get
kµ|F ′(z)| ≥ |G′(z)| for |z| = 1.
where G(z) = znF (1/z) = znP (1/z) + mλkn = Q(z) + +
mλ
kn . Equivalently for
|z| = 1, we have
kµ
∣∣∣∣P ′(z) − mnλz
n−1
kn
∣∣∣∣ ≥ |Q′(z)|. (2.11)
Moreover, by Gauss-Lucas theorem that all the zeros of polynomial F ′ =
P ′(z) − mnλzn−1/kn lie in |z| < k, k ≤ 1 for every λ with |λ| < 1. This
implies
|P ′(z)| ≥ mn|z|n−1/kn for |z| ≥ k. (2.12)
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Now, choosing the argument of λ in the left hand side of (2.11) such that
kµ
∣∣∣∣P ′(z) − mnλz
n−1
kn
∣∣∣∣ = kµ
{
|P ′(z)| −
|λ|mn
kn
}
for |z| = 1,
which is possible by (2.12), we get
kµ|P ′(z)| −
|λ|mn
kn−µ
≥ |Q′(z)| for |z| = 1.
Letting |λ| → 1, we obtain
kµ|P ′(z)| −
mn
kn−µ
≥ |Q′(z)| for |z| = 1. (2.13)
Again, for |z| = 1 and α ∈ C, we have
|DαP (z)| = |nP (z) + (α− z)P
′(z)|
≥ |α||P ′(z)| − |nP (z)− zP ′(z)|
= |α||P ′(z)| − |Q′(z)|
Combining this with inequality (2.13), we obtain for |z| = 1 and α ∈ C with
|α| ≥ kµ,
|DαP (z)| ≥ (|α| − k
µ)|P ′(z)|+ kµ
mn
kn
(2.14)
Inequality (2.14) in conjunction with (2.12) gives for |z| = 1 and |α| ≥ kµ,
|DαP (z)| ≥ (|α| − k
µ)
mn
kn
+ kµ
mn
kn
=
|α|mn
kn
. (2.15)
This completes the proof of Lemma 2.5.

The next lemma is due to Gardner, Govil and Weems [5].
Lemma 2.6. If P (z) = a0 +
∑n
j=µ ajz
j , 1 ≤ µ ≤ n, is a polynomial of
degree n having no zero in |z| ≤ k, k ≥ 1, then
s0 ≥ k
µ (2.16)
where
s0 = k
µ+1


(µ
n
) |aµ|
|a0| −m
kµ−1 + 1
(µ
n
) |aµ|
|a0|−m
kµ+1 + 1


.
The following Lemma can be easily verified by applying Lemma 2.6 to
Q(z) = znP (1/z) where P (z) = anz
n +
∑n
j=µ an−jz
n−j , 1 ≤ µ ≤ n.
Lemma 2.7. If P (z) = anz
n +
∑n
j=µ an−jz
n−j , 1 ≤ µ ≤ n, is a polynomial
of degree n having all its zeros in |z| ≤ k, k ≤ 1, then
Aµ ≤ k
µ (2.17)
where Aµ is defined in (1.6).
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3. Proof of theorem
Proof of theorem 1.1. Proceeding similarly as in the proof of lemma 2.5,
the polynomial P (z) − mλz
n
kn has all its zeros in |z| ≤ k, k ≤ 1, for every
real or complex λ with |λ| < 1. Applying Lemma 2.2 to the polynomial
P (z)− mλz
n
kn , we obtain for |α| ≥ S
′
µ,∣∣∣Dα
{
P (z)−
mλzn
kn
}∣∣∣ ≥ n
(
|α| − S′µ
1 + kµ
) ∣∣∣∣P (z)− mλz
n
kn
∣∣∣∣ for |z| = 1
where
S′µ =
n
∣∣an − mλkn ∣∣ k2µ + µ|an−µ|kµ−1
n
∣∣an − mλkn ∣∣ kµ−1 + µ|an−µ| . (3.1)
That is,∣∣∣DαP (z)− λmnαzn−1
kn
∣∣∣ ≥ n
(
|α| − S′µ
1 + kµ
) ∣∣∣∣P (z)− mλz
n
kn
∣∣∣∣ for |z| = 1
(3.2)
Since for every λ with |λ| < 1, we have by inequality (2.8) of Lemma 2.7,∣∣∣∣an − mλkn
∣∣∣∣ ≥ |an| − m|λ|kn ≥ |an| −
m
kn
(3.3)
therefore, it follows by Lemma 2.4 that for every λ with |λ| < 1,
S′µ =
n
∣∣an − mλkn ∣∣ k2µ + µ|an−µ|kµ−1
n
∣∣an − mλkn ∣∣ kµ−1 + µ|an−µ|
≤
n
(
|an| −
m
kn
)
k2µ + µ|an−µ|k
µ−1
n
(
|an| −
m
kn
)
kµ−1 + µ|an−µ|
= Aµ (3.4)
Using (3.4) in (3.2), we obtain for |α| ≥ Aµ(≥ S
′
µ),∣∣∣DαP (z)− λmnαzn−1
kn
∣∣∣ ≥ n
(
|α| −Aµ
1 + kµ
) ∣∣∣∣P (z)− mλz
n
kn
∣∣∣∣ for |z| = 1.
(3.5)
Now, choosing the argument of λ in the right hand side of inequality (3.5)
such that ∣∣∣DαP (z)− λmnαzn−1
kn
∣∣∣ = |DαP (z)| − |λ||α|mnzn−1
kn
(3.6)
which is possible by Lemma 2.5, we obtain by using Lemma 2.7 for |α| ≥
kµ(≥ Aµ) and |z| = 1,
|DαP (z)| −
|λ||α|mn|z|n−1
kn
≥ n
(
|α| −Aµ
1 + kµ
){
|P (z)| −
|λ|m|z|n
kn
}
,
equivalently,
|DαP (z)| ≥ n
(
|α| −Aµ
1 + kµ
)
|P (z)|+ |λ|
mn
kn
(
|α|kµ +Aµ
1 + kµ
)
. (3.7)
Letting |λ| → 1, in (3.7), we get
|DαP (z)| ≥ n
(
|α| −Aµ
1 + kµ
)
|P (z)|+
mn
kn
(
|α|kµ +Aµ
1 + kµ
)
for |z| = 1,
AN INEQUALITY FOR THE POLAR DERIVATIVE OF A POLYNOMIAL 7
which implies for every α ∈ C with |α| ≥ kµ, 1 ≤ µ ≤ n,
max
|z|=1
|DαP (z)| ≥
n (|α| − kµ)
1 + kµ
max
|z|=1
|P (z)| −
n (|α|+ 1)
kn−µ (1 + kµ)
m
+ n
(
kµ −Aµ
1 + kµ
)
max
|z|=1
|P (z)|+
n(Aµ − k
µ)
kn(1 + kµ)
m.
This completes the proof of Theorem 1.1. 
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